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Abstract 

A duality relation has been proposed between the planar gluon MHV amplitudes and light-like 
Wilson loops in = 4 super Yang-Mills. At six-point two-loop, the results for the planar gluon MHV 
amplitude and for the light-like Wilson loop agree, but they both differ from the Bern-Dixon-Smirnov 
ansatz by a finite remainder function. Recently Del Duca, Duhr and Smirnov presented an analytical 
result for the two-loop hexagon Wilson loop remainder function in general kinematics. Their result 
is rather lengthy, and the dependence on the conformal cross ratios appears in a complicated way. 
Here we present an alternate, more compact representation for the two-loop hexagon Wilson loop 
remainder function. 



1 Introduction 



In the past few years much progress has been made in understanding scattering amphtudes in gauge 
theories, and in particular in = 4 supersymmetric Yang-Mihs (SYM) theory. An interesting feature 
of the = 4 SYM amphtudes is the ah-loop iterative structure proposed by Bern, Dixon and Smirnov 
(BDS) [Ij for the maximally-hehcity-violating (MHV) planar gluon amplitudes. Their proposal is based 
on the observation of an iteration relation between one- and two-loop planar four-gluon MHV amplitudes 
by Anastasiou, Bern, Dixon and Kosower (ABDK) [2] and an explicit computation of the four-gluon 
amplitude at three loops in ref. [Ij. 

The planar gluon amplitudes can be factorized into a universal infrared (IR) divergent factor and 
a finite part. Given the well-known structure of the IR divergences of gluon amplitudes [3], the BDS 
ansatz proposes an explicit expression for the finite part of the planar gluon MHV amplitude with an 
arbitrary number of external gluons, to all orders in 't Hooft coupling. An important aspect of the 
ansatz is that the kinematic dependence of the finite part is described by a function whose coupling 
dependence can be factored out, and the remaining coupling- independent part of the function is given by 
the finite part of the box functions entering one-loop MHV amplitude. Besides the tests for four-gluon 
amplitude up to three loops in refs. [Tl'2], the BDS ansatz has been shown to be correct also for two-loop 
five-gluon amplitude [U [5] . 

In a remarkable paper [6] , Alday and Maldacena were able to compute the planar gluon amplitudes 
at strong coupling using the AdS/CFT correspondence. Their result agrees with the strong coupling 
limit of the BDS ansatz for the four-gluon case. However, for amplitudes with a large number of external 
gluons, a discrepancy was found between the strong coupling prediction and the BDS ansatz This 
indicates a potential failure of the BDS ansatz for amplitudes with a sufficiently large number of external 
gluons. 

Alday and Maldacena also pointed out that in the strong coupling limit the computation of planar 
gluon amplitudes is equivalent to the computation of the vacuum expectation value of polygonal Wilson 
loops with light-like edges defined by the momenta of external gluons. This suggests a duality between 
planar gluon amplitudes and light-like Wilson loops at strong coupling. Such a duality was then con- 
jectured to hold at weak coupling [8], and was verified by explicit one-loop computations for four-sided 
Wilson loop in the same paper and for an arbitrary n-sided case in ref. |9j. Further two- loop results for 
four-, five- and six-sided Wilson loops [101 IHl ESI ES] also found agreement with the gluon amplitude 
results [H [21 m O [H] . At six-point two-loop level, both the Wilson loop and the amplitude results differ 
from the BDS ansatz. 

The light-like n-sided Wilson loop exhibits an anomalous conformal symmetry, and the associated 
anomalous conformal Ward identities constrain the form of the light-like Wilson loop In general, the 
solution of the anomalous conformal Ward identities is uniquely determined up to a function invariant 
under the conformal symmetry. Such a function can be constructed from the conformally-invariant 
cross ratios built out of the external momenta. For n < 5, it is not possible to construct such conformal 
cross ratios due to the light-likeness of the external momenta. Given the duality between planar gluon 
amplitudes and light-like Wilson loops (which implies that the planar gluon amplitude also satisfies 
the anomalous conformal Ward identities), this provides an explanation for the correctness of the BDS 
ansatz for four- and five-gluon amplitudes: it satisfies the anomalous conformal Ward identities, and 
is unique because of the lack of conformal cross ratios. For n > 6, the conformal cross ratios can be 
constructed (for n = 6, there are 3 such ratios), therefore a solution to the anomalous conformal Ward 
identities can differ from the BDS form by a function of the conformal cross ratios. 

Explicit numerical computations for the two-loop hexagon Wilson loop |13[ [TS] showed that the 
complete result differs from the BDS ansatz by a finite remainder function, which depends only on the 
conformal cross ratios. In ref. [15], also the two-loop seven- and eight-sided Wilson loops were evaluated 
numerically, and the corresponding remainder functions were shown to depend on the conformal cross 
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ratios only. 

In addition to the numerical computation, analytical evaluations of the remainder function have also 
been carried out recently, both at strong and weak couplings. In ref. [16], the remainder function was 
evaluated analytically at strong coupling in a special kinematic regime where only even-sided Wilson 
loops are admitted and where the number of independent cross ratios is reduced so that the function 
is non-trivial only for n > 8. The explicit form of the octagon Wilson loop remainder function in this 
special kinematics was also given there. Later on, a numerical evaluation of the octagon Wilson loop 
remainder function at two loops was carried out [17| in the same kinematics and compared to the strong 
coupling result. The numerical comparison suggests a linear relation between the remainder functions 
at weak and strong couplings. In ref. [18J, Alday, Gaiotto and Maldacena computed analytically the 
hexagon Wilson loop remainder function in a kinematic regime where the three conformal cross ratios are 
equal, and they found a fairly simple functional form. Recently, Del Duca, Duhr and Smirnov presented 
an analytical result for the two- loop hexagon Wilson loop remainder function at weak coupling [19^ |20] , 
starting from the Feynman integrals contributing to the two- loop hexagon Wilson loop given in ref. [15] . 
They considered the hexagon Wilson loop in the quasi-multi-Regge kinematics [21, 22j where the Wilson 
loop exhibits exact Regge factorizatioiu, therefore the analytic dependence of the remainder function 
on the conformal cross ratios is not modified by going to this kinematics, but the computation of the 
remainder function simplifies remarkably. 

The two- loop hexagon Wilson loop remainder function was expressed in refs. [191 [20] in terms of 
transcendental weight four terms constructed from Goncharov polylogarithms and harmonic polylog- 
arithms. The result is rather lengthy and the dependence on the conformal cross ratios appears in a 
complicated wajH. In order to extract interesting physical information from the remainder function 
and to eventually find a systematic way to fix the BDS ansatz, a fairly simple representation of the 
remainder function is desirable. Moreover, the numerical results of ref. |17] suggest a potential link 
between the remainder functions at weak and strong couplings. Given the simplicity of the hexagon 
Wilson loop remainder function at strong coupling [18] , one desires to have a simple representation also 
for the hexagon Wilson loop remainder function at weak coupling, in order to make a comparison with 
the strong coupling result. In this paper we present an alternate, more compact representation for the 
two-loop hexagon Wilson loop remainder function, based on the observation that the conformal-cross- 
ratio-dependent terms in the BDS ansatz exhibit a simple structure when written in an integral form, 
and on the result of [19j as well as on the general properties of multiple polylogarithms described in 
refs. [MIES]. 

The paper is organized as follows. In Section [2] we briefly review the proposed duality between the 
planar gluon MHV amplitude and the light-like Wilson loop, and the definition of remainder function. 
In Section [3] we present our representation for the two-loop hexagon Wilson loop remainder function, 
both in the kinematic configurations where the three conformal cross ratios coincide and in general 
kinematics. We also briefiy discuss the analytic properties of the remainder function. Our conclusion is 
given in Section [H 

2 The planar gluon amplitude/ Wilson loop duality and the remain- 
der function 

The color-ordered planar gluon MHV amplitude in = 4 SYM can be factorized and written as 

1,^(MHV) ^ ^m, div + ^(MHV)(^^^ ...,pr.;a) + 0{e) , (1) 

^An exact Regge factorization of four-sided Wilson loop has been observed in ref. [S]. 

■^By evaluating the integrals contributing to the two-loop hexagon Wilson loop collected in ref. [13], one ends up with 
an expression [231 for the remainder function of comparable size to that in refs. [191 120) . 
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where the left-hand side is the logarithm of the rescaled amplitude, defined as the ratio of the color- 
ordered amplitude and the corresponding tree amplitude. Z^' represents the IR divergences of the 
amplitude, regularized by dimensional reduction in D = 4 — 2e dimensions. F^^^^ is the finite part de- 
pending on the momenta of external gluons pi{i = 1, . . . , n) and on the 't Hooft coupling a = g^N/ (Svr^). 
In = 4 SYM, the IR divergence is characterized by the universal cusp anomalous dimension (for the 
leading poles) and the collinear anomalous dimension (for the subleading poles). The finite part i^^^^^^ 
can be extracted from direct computation of planar n-gluon MHV amplitude, which can be carried out, 
e.g. with the unitarity-cut techniques [MIET]; and compared with the BDS proposed form. 

On the other hand, the light-like Wilson loop dual to the planar gluon amplitude is given by 



W{Cn) = ^ (0| TrPexp ( i dx^'A^{x) ) |0) , (2) 



N 



where the gauge fields A^{x) are integrated along the light-like polygonal contour Cn with n cusps x-*, 
the difference of which is given by the momenta of external gluons in the dual planar gluon amplitude 
as 

■^i -^i+l ~ ■'^1,1+1 ~ Pi ■ V-JJ 

The Wilson loop defined above has ultraviolet (UV) or cusp divergences, due to the presence of cusps 
on the integration contour Cn- 

The Wilson loop can also be factorized into a UV divergent part and a finite part [13j. Its logarithm 
can be written as 

lnW{Cn) = Z^'''''" + F^,'^'^\xi,...,xn;a) + 0{e) . (4) 

The leading UV divergence of the Wilson loop (regularized by dimensional reduction) is characterized by 
the cusp anomalous dimension. The fact that it also appears in the IR divergent part of the amplitude 
reflects the relation between IR divergences of scattering amplitudes and UV divergences of Wilson 
loops with cusps [28j. It has been shown [13] that, with an appropriate identification of the respective 
regularization parameters, the IR divergences of planar gluon amplitudes and the UV divergences of 
Wilson loops match with each other, the proposed planar gluon amplitude/ Wilson loop duality then 
amounts to an equality of the finite parts in Eqs. ([1]) and dH (up to an irrelevant constant) 

To verify this duality relation, one needs to perform the calculation of light-like Wilson loops. This 
can be significantly simplified by making use of the non-abelian exponentiation properties of Wilson 
loops |29l I30j . which allow one to write the Wilson loop as an exponential, and its logarithm can be 
written as 

oo oo 

In W{Cn) = In f 1 + y a^W^^p) = V a'u;« . (6) 



1=1 1 = 1 



Expanding Eq. ^ to two- loop order, one finds 



-i^^=<, ^l?^ = Wi'^-l{w('^f. (7) 

The one- and two- loop Wilson loop coefficients Wn\wn^ have been computed in [Hj \9\ [TOl [TT| [T3 | [T5]. 
where for n > 6 at two-loop only numerical results are available. 

As mentioned before, the BDS ansatz proposes an explicit expression for the finite part of the planar 
gluon MHV amplitude, F^^^ . For the six-gluon amplitude, the ansatz gives 

Fi-^' = ir.„.,(a) t [ - In (f±i) m {'-hli») + 1 In^ - 11. (l - 

-|- const. 



3 



= ir.„.,(a){ ±[-ln (^) 1„ + 1 (^)] - ± Lyi - u4 + const. (8) 

where rcuspCo^) is the cusp anomalous dimension with the perturbative expansion Fcusp (o) = 2a-2C2a^ + 
0{a^). In the second equation above we have rewritten the last term in the bracket in terms of the 
three conformal cross ratios defined as 

/T-«2 ™2 /yi2 ™2 ^2 ^2 

■^13-^46 ■^24-'^15 -^35-^26 /0^ 

■ll^X^Q "'■25-^14 '''36-^25 

It is the simplicity of the conformal-cross-ratio-dependent term Li2(l — Ui) that guides us in seeking a 
simple representation of the remainder function. 

The amplitude remainder function is defined as the difference between the logarithm of the rescaled 
amplitude and the corresponding BDS ansatz, and it has a trivial behavior under collinear limits |14j. 
Given the duality relation Eq. ([5]), the Wilson loop remainder function can be defined as [13J 

i?WL ^ ^^WL) _ ^^BDS) _ (10) 

The two-loop hexagon Wilson loop remainder function R^^'^'^^ is then obtained by computing the 

two-loop contribution to Fq^^\ This definition for R^^'^'^^ differs by a constant from the one used 
in ref. ^5j, where the Wilson loop remainder function is defined such that it has precisely the same 
collinear behavior as the amplitude remainder function. Here we follow the definition for R^^'^"^^ of |15j . 
as was used in refs. [I9l[20]. Note that R^^^'^"^^ is a function of ui,U2,us only. 

3 The two-loop hexagon Wilson loop remainder function 

In ref. |19j . an analytical result for the two-loop hexagon Wilson loop remainder function was presented, 
which was expressed in terms of transcendental weight four terms constructed from Goncharov poly- 
logarithms and harmonic polylogarithms, in accord with the expectation based on transcendentality 
arguments that perturbative corrections to the Wilson loop at L-loop should have transcendentality 
2L [12) . The result of [19j is rather lengthy and the dependence of the remainder function on the confor- 
mal cross ratios appears in a complicated way. In order to extract interesting physical information from 
the remainder function and to eventually fix the BDS ansatz, and also to shed light on the potential 
connection between the remainder functions at weak and strong couplings, a fairly simple representation 
of the remainder function is strongly desirable. 

Although at two-loop the BDS ansatz for the six-gluon MHV amplitude fails to produce the complete 
result, its form provides some hint for seeking a simple representation of the remainder function. As 
one can see from Eq. ([8]) , the two- loop contribution to i^g^^'^^^ contains terms that are functions of the 
three conformal cross ratios only, i.e. the dilogarithms Li2(l — Ui) (they have transcendentality two, the 
remaining transcendentality is provided by Fcusp)- Such terms have the following simple integral form 

C2Ll2(l - -Ui) = - / , (11) 

Jo f 

where C2 = tt^/G is the Riemann zeta constant. Inspired by this, we try to find a simple representation 
for the two-loop hexagon Wilson loop remainder function, which comprises terms that can all be written 
as the following form 

'^Ha -bt)R2{t) ^ ^^2) 
/o t - 



f 

Jo 



4 



where R2 is a transcendentality two function of the three conformal cross ratios Ui (as well as of the 
integration parameter). Namely, it contains, in addition to the transcendentality two constant tt^, only 
double logarithms and dilogarithms. The quantities a, b, c depend on Ui and have transcendentality 
zero. As we will see below, most terms of the function R2 are double logarithms, only a small number 
of dilogarithms show up in i?2. In addition, in contrast to the result in ref. [19], where the dependence 
through the square-root-containing variables on Ui (for the definition of such variables see Eq. (4.3) of 
ref. |19j ) is very complicated, such variables only show up in the simple logarithm in Eq. ()12p in the 
present representation. Therefore it is possible to combine them so that the square roots drop out. 

In the following we present the representation of R^^'^'^^ in the form of Eq. (|12p . both for the special 
case where all three conformal cross ratios are equal and for the general case. The derivation is based 
on the discussions above, and on the result of ref. [19j as well as on the general properties of multiple 
polylogarithms described in refs. [MIES]. 

We begin with the special case where ui = U2 = U3 = u. In this case, the remainder function reads 

dWL,(2). s ,_,(Xo + yo + Zo Xi+yi + Zi X^ + Ve + Ze , Vel + Zel , ye2 \ o^ 

Re w = Xn — -t — + t-1 + t-^ + ^''^ 

^ 1 —7/. II 1 — y.n 



with 



^0=2 ( l^t^ ( ) 1^ (1 - (1 - ) ' 

xi = --lnn(7r +31n ( 1 1 — , 

4 u 

^ 3^,. ^ ,„ ( '('-a-")') ) ( "'-l^;")') ) - 21n,)) 1.. (1 - (1 - u)t') . 

= l(7r2 + 3(41nnln(nt(l - t)) + ln(l - (1 - u)t){hi{l - (1 - u)t) - 41nu + 21n(l - u) - 41n('ut)) 
8 

+ 4 ln(l - t) In t - 2 ln(l - ut) \n{ut) - 2(ln(u(l -t))- ln(l - (1 - u)t)) ln(l -u-t + 2ut)) 
+ 6((Lb( -<^ -"'"-''' ) - L,( -"-^")'^-'') ) - Li.K) + Li,! -'^-^"'*' -<'-""'' )) 



t'=0 

- U2{u))) In {I -t + ut^) , 
3 

= -ygi = ^ In {ut) ( In('ut) - ln(l - (1 - u)t)) In (l - t + ut'^) , 

Ve = -yo -yi- 2ye2 , 

= ( In(ut) - ln(l - (1 - u)t)) ( ln(n(l - t)) - ln(l - (1 - u)t)) In (l - t + ut^) , 

= - ( - 24 In(nt) In^il - ut) + ln(l - ut) ( - Svr^ + 6 ( ln2(n(l - t)) + 2 In^ n) + 9 In^ t + 6 In t 
8 

X (81n('u(l - t)) - Inu) + 61n(l - n)(51nn + 81nt) - 6Li2(n) + 24Li2(t)) - 21n(l - 2ut){7r'^ 

+ 61n(nt)(21n((l - u)t) + In('ut) -41n(l - ut)) - 12Li2(nt)) +6(ln(l - u - t + 2ut) - ln(l - u)) 

X (Li2(tx) + lnn(ln(i^) -3(ln(ut) -ln(l - (1 - u)t))) + (ln(l - t) - 21nt) In ( ) 

it X I X 111 ] L 

+ Lb(^))). 

= -((vr^ + 121n(nt)(ln(l -t) +31nt))(ln(l - lit) - ln(l - u)) - (ln(l - u - t + 2ut) - lnu)(7r^ 
+ einnlnt + 91n2t - 6Li2(l - t)) - 3(ln(l - u -t + 2ut) - ln(l -u)){- (ln(l - (1 - u)t) - Inn) 

X (31n(nt) + In (- -)) + 2Li2 (^^i^^^^^^^^)) + 6(ln(l - (1 - u)t) - lnn)( - vr^ + Li2(nt) 

1 — (1 — u)t u 
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+ 3 In^ {- — -) - 2 In {- — -) \nu + In(ni) ln(l - ut)) - ^tt^ In t + 6(5 ln(l - n) - 2 In n) In^ t) , 

Ze = --((ln{l-u-t + 2ut) -In(l-u))(7r2 + 91n2(l -t) -3(41n2(iit) +lnt(21n(l -t) -Int)) 
8 

+ 6(ln (^) + 21n (^)) ln(l - (1 - u)t) + 91n2(l - (1 - u)t) + 12Li2(^) - 6Li2((l - u)t)) 

+ ^lnu(137r^ + 121n2(l - n) + mii^ u) - 21n(l - u){'iTT^ - 3Li2(n))) , 

Zei = ^ln(l - 2ut){7T^ + 61n(txt)(21n((l - u)t) + hi{ut) - 41n(l - ut)) - 12U2{ut)) . (14) 

In general kinematics where the three conformal cross ratios can differ, we obtain the following result 
fori?^'^'^ 



R^^'^'^\ui,U2,U3) = J dt^ 



h + Jl+h + Ki+K2 + K3 ^ /2 + J2 + 4 + ^4 + ^ h + h + h + Kfi 



>- I t-l ' t- 

" 1 — Ul 



+ — J h 7 jn^J^ h [Ul U2,U2 U3,U3 Ul) + [Ul ^ U3,«2 Ul,U3 U2) > , (15) 



t- — t- T 

Ul I—U1—U2 



where the numerators are given by 

h = l3 = ^g{vi23; i) {tt^ + ( In i - In (1 - t) + In (1 - (1 - ui)t) + In n2 - In U3) (3 In i - 5 In (1 - t) 

+ 31n(l - (1 -ni)t) +lnn2 -Inns)} , 

Ji = -lg{vi32;t)\7r^ + (31nt-ln(l -t) -ln(l - (1 - txi)t) - lnu2 + Intxg) ( Ini - In (1 - t) 
8 L 

+ In(l-(l-'ui)t)-lnu2 + lnn3)| , 

h = ^[-Q{vi23;t){TT^ + (lnt-ln(l -t)+ln(l - (1 - ui)t) + lnu2 - Inug) (21nt - 31n (1 - t) 

+ 2 In (1 - (1 - ui)i) + In U2 - In «3) ) + ^(i;i23 ; 1) (tt^ + (3 In (1 - t) - 2 In m - In «2 + In ^3) ( In (1 - t) 

— In Ul - In U2 + In ^3) ) I , 

J2 = ^\^g{vi32; 1) In Ml ( - In {1 -t) + Inui — lnn2 + In^a) - ^(t'i32; i) ( In {1 - t) - hit 

-ln(l - (1 -«i)i) +lnn2 -lnM3)(lnt-ln(l - {1 - ui)t))^ , 
h = ^Qivi32;t)^Tr^ - In^t + 21nUn (1 - (1 - ui)t) 

+ ( In (1 - t) - 3 In (1 - (1 - ni)t) + In U2 - In Us) ( In (1 - t) - In (1 - (1 - ui)t) + In n2 - In U3) | , 

-^4 = ^G{ui23;t)\Tr^ + 6(j^{ui,U2,U3;t) - ln{l - t + -^^)lnu2 + 2lnt(ln{l - t) - \n{l - {1 - ui)t) 
z4 L 1 — U2 

+ In 1*2) + ln(l - t)( - ln(l - (1 - ui)t) + In-ui + In-us) - lnn2ln(l - U2) - Li2('U2)) 

+ 3(ln^(l - (1 -txi)*) -21n(l -■U3t)lnn3 -2(ln(l - (1 - m)*) - ln'U2) ( Inui + lnu3)) | , 

h = ^^(^^123;*) ( In t - In (1 - (1 - ui)t) + In Ul) ( In i + In U3) , 

/e = - ^ ^ («123 ; i) { TT^ + 6 (^(ui , n2 , U3 ; i ) + In (1 - t) ( In (1 - ( 1 - m )t) - In til + In tia) + In i ( In t 

- In (1 - (1 - -Ul)*) + Inui + \nu3) - \nu2 ln(l - U2) - Li2(n2)) + 3( - 31n2 (1 - (1 - ""i)*) 



Ui t 

- 2(ln(l -t + ^ ^ ) +lrmi) lnu2 + 21n(l - {1 - ui)t){\nui + 21nn2 - 21nn3) 



+ 2( - In (1 - ust) + ln7ii + Inug) Inus)} , 



I7 = -^g{u23i;t){lnt-\n{l - {l-U2)t) + lnu2){lnt + \nui) , 

h = ~g{ui23;t){lnt-\n{l - (1 -ni)t) + lnMi)(ln(l -t) -ln(l - (1 - -Ui)*) + Inus) , 
Ki = l\n{l-t + /^^^ )|ln(l -t)(ln(l -t) - 2(ln«i - ln«2 + Inua)) + lnt( - 41n (1 - i) 

8 1 — U2 

+ 4 In (1 - (1 - ui)t) - 61nu2) + 2( - Li2(t) + Li2((l - ui)t) - Li2( ~^^ ~ ""'^^^ ~ + Li2(^^^) 

- ln(l - t) In (^^ + ln'U2( - 21n'Ui - lnu3 + ln(l - U2)) + ln(l - (1 - ui)t){\nui + \nu2 

+ lnn3) +Li2('U2))} , 

iC2 = ^{l21n (1 - U2t){2\iit + \iiu2) ln(l - m) - In (1 - uit){5Tr'^ - 91n^ i - 24Li2(t) 

- 6((ln(l - i) + Inui)^ - 21n (1 - U2t) Inui) + 12(ln (1 - U2t) - 21nni) lnn2 + 9( ln'U2 - Inus)^ 

- 6 In t (8 In (1 - t) - 4 In (1 - U2t) + 3 In m + 6 In 1*2) + 12 ( In t + In m) In -ug 

- 6(41ni + 21nni + lnu2) ln(l - ^2) + 6^2(^2))} , 
iCa = ^ln(l - (ni +ti2)t){ - vr^ - ISln^ t + 12Li2(uit) + 12 In t(2 In (1 - uit) - 21n?xi - ln(l - m)) 

+ Glnui (3 In (1 — uit) + In (1 — U2t) — ln'U2 — ln(l — txi) — ln(l — ^2)) | + {ui U2,U2 ^ ui) , 
= 1/ (In (-^) - In (1 - i + ^^)) (lnt(31nt + 21n (1 - t) + 2\nu3) + 2Li2(t)) 

o y i — U2 1 — U2 

-ln(l-t+ )(ln(l - (1 -ui)i)(ln(l - (1 - - 21nui - 41ni - 21n (1 - i) - 21nu3) 

1 — n2 

+ 2( In (2 In t + In (1 - + In na) + Li2 (^^^^^^^^^) - Li2 (^^) 
+ ln(l - t) In (izili^^) _ Li2(l - ui 

K5 = ^|6((ln(l - (1 -ln«i)(-7r2+ ( Int - In (1 - t)) (31nt - 31n (1 - + 21ntii)) 

+ (Li2(tiit) +lniln(l - nit))(ln(l - (1 - ^2)*) - 111^2) + In (1 - uit)lnui{ln{l - (1 - «2)i) - lnM2)) 

158 

+ (tt^ + 12(31nt + ln(l -i))(lnt + lnni))(ln(l -uii) -ln(l -txi)) - — Tr^lnt 

-LO 

+ 6(5 ln(l - «i) - 2 In m) In^ i} , 

iCe = In (1 - t + 7-^^) (31n2 t _ In^ (1 - t) + 2 In (1 - t) In (1 - (1 - - 31n2 (1 - (1 - 

8 1- 1 — ?i2 

- 2 ( In (1 - - In (1 - (1 - In ■U2 + 2 ( In (1 - - 2 In (1 - (1 - tii)t) + In -Ul + In 1*2) ( In t + In ua) 
+ 21nt(lnni + Int^a) + 2(2Li2(i) - Li2((l - ui)t) + 2{U2{^^^^—^^^^—^) - Li2(^^^) 

+ ln(l -t)ln(^— ^^-p^)) -Li2(l -txi) -lnu2ln(l -U2) -Li2(«2))) + ^(lOvr^ lnw2 + Inui 
X (41nuilnn2 - Uln^ m - 237r^ - 751n^ -^2 + 721nu2 Inua) + 21n(l - ni)(87r^ - 61n'U2ln(l - U2) 
+ 9(ln'U2 — In-ua)^ ~ 61nni(ln'U2 — In-ua) ~ 6Li2('U2))) | , 



Kj = -^ln{l- (ni +U2)i){^^ + ISln^t - 6(Li2(nit) +Li2(n2t)) - 121n(l - uit)lnui - 6lnt 
X (21n(l - uit) + 21n(l - U2t) - Slnui - lnti2 - ln(l - m) - ln(l - ^2)) - 6(ln(l - U2t) 
X (in Til + lnti2) + lnui( - In 112 - ln(l - ui) - ln(l - n2)))| + (^2 -> ^3,^3 -> U2) , (16) 

with (for the definition of the variables {u,v}[^j^ see Eq. (4.3) of ref. [19]) 

g{{u,v},jk;z)=ln{l i^)+ln(l ^) , (17) 

-rrl N ( T (-0--Ul-U2){l- Z'). , ,-{l-Ui-U2){l-{l-Ul)z') . 

F(ui,U2,u^;z) = [ - Li2( ) - Li2(n3Z ) + Li2( ) 

Ui ' U1U2 

+ Li2 ' + 1,(1 _ (1 _ ,^),) 1, ^1 - - ^2 - (1 - ^.1 - U2)Z) , 



Ml 



z'=o uin2 



, / X/, / 1 — (1 — "Ul^^^x / 1 — n2 — (1 — Ui — ti2)2N X , X , X 

+ ln(l - z)(ln( ^— -ln( = ^— ^)) - lnzln(l - ^32) .(18) 

A few comments are in order. The representation presented above for the two-loop hexagon Wilson 
loop remainder function applies when all three conformal cross ratios a, b, c are less than 1. The presence 
of the cyclic terms in Eq. (llSp ensures the symmetry of the remainder function under interchange of the 
three conformal cross ratios. We have checked numerically that our result agrees with that in ref. [19] 
within numeric errors. In particular, we have reproduced all the results available in literature for the 
three conformal ratios less than 1. For instance, we obtained from our representation that 

R^^'^^\l/2) = -1.26609 , 
i^J"^'^^^ (0.547253, 0.203822, 0.88127) = -1.66619 , (19) 

which agree very well with the results in [13\ I20j . We also reproduced the asymptotic form of the 
two-loop hexagon Wilson loop remainder function when the conformal cross ratios become small. The 
variables {u, v}^^^ above involve square roots of certain combination of the conformal cross ratios. In 
the result of [19], the dependence of the remainder function on the conformal ratios through these 
square-root-containing variables is very complicated, while in our representation they show up only in 
simple logarithms. In the regions where the square roots develop an imaginary part, the two logarithms 
in Eq. ()17p can always be combined into one that does not have any square root. The representation 
presented here is valid for all conformal cross ratios less than 1, it can be analytically continuated 
into the complex plane. We found that for the conformal cross ratios larger than 1, the results given 
in [131 [TS] are correctly reproduced by the real part of the present representation. In the case that all 
three conformal cross ratios are equal, one can find from Eq. (jl3p that the remainder function develops 
branch cuts not only on the real n-axis (e.g. from the logarithms in the numerators), but also on the 
upper/lower complex plane (e.g. from the last dilogarithm in the 3rd row of the expression for yo). 
For the branch cuts developed from the first two terms in Eq. (I13p . they can be straightforwardly read 
from the branch cuts of the numerators; while for those developed from the remaining terms, their 
determination is complexified by the structure of the denominators, and the location of these branch 
cuts can even not be straightforwardly seen from the integrand. 

To summarize, we presented an alternate, more compact representation for the two-loop hexagon 
Wilson loop remainder function. It is a good starting point to further explore the possibility of sys- 
tematically fixing the BDS ansatz and the potential link between the remainder function at weak and 
strong couplings. 
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4 Conclusions 



The proposed duality between planar gluon MHV amplitudes and light-like Wilson loops in = 4 
SYM holds at six-point two-loop level, but both the results for the planar gluon amplitude and for 
the Wilson loop differ from the BDS ansatz by a finite remainder function, which is a function of the 
conformal cross ratios constructed from the momenta of external gluons. In ref. [19], an analytical result 
for the two-loop hexagon Wilson loop remainder function was presented. However, their result is rather 
lengthy and the dependence on the conformal cross ratios appears in a complicated way. In this paper 
we provide an alternate, more compact representation for the two-loop hexagon Wilson loop remainder 
function, both in the special case that the conformal cross ratios are equal and in general kinematics, 
where in the former case the remainder function has been evaluated analytically at strong coupling, 
yielding a fairly simple functional form. Our representation is based on the observation that the BDS 
ansatz already contains terms that are functions of the conformal cross ratios only, such terms exhibit 
a simple structure when written in an integral form. We also used the result of and the general 
properties of multiple polylogarithms throughout our derivation. 
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